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1. INTRODUCTION 
The concept of a polynomial on a commutative ring with 1 is a very powerful 
tool in classical algebra. Every polynomial gives rise to a polynomial function 
when substituting the variables by the elements of the ring. The concept of a 
polynomial has been generalized to universal algebras (see H. Lausch- 
W. Nobauer [4], ch. 1, sect. 4). A universal algebra 2I will be called polynomially 
complete if every function on 2I with values in (II is a polynomial function. Such 
algebras have been studied in great detail by A. L. Foster and his school (see 
A. L. Foster [l], H. Werner [S], [2], [3] and bibliographies thereto appended). 
One of the problems in the theory of polynomially complete universal algebras 
is the following: Find all polynomially complete algebras in a given variety. 
In this paper we give a characterization of polynomially complete algehras 
which on one hand will enable us to give short proofs of already know-n results 
on the above problem and on the other hand it will yield the solution of the 
problem for the variety of nearrings. Our theorem is based on an elegant method 
which for the first time has been used by W. D. Maurer and J. L. Rhodes [5] 
in order to prove the polynomial completeness of finite simple nonabelian 
groups. 
2. PRELIMINARIES 
Let 21 = (A, Q) be a universal algebra and k be a positive integer. On the 
set F,(A) of all K-place functions on A with values in A we define the operations 
of 2I pointwise. So we obtain the full k-place function algebra F,(2I) - 
<I;;c(A), Q) on 2I. The subalgebra P,(QI) of F&?I), generated by the constant 
functions and the k projections will be called the algebra of the k-place poly- 
nomial functions on 2l. An algebra 2I is called iz-polynomially complete if 
P,(BI) = F,(2I) and 2I is called polynomially complete if P,(2I) = F,(BI) for all 
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positive integers k. The proof of the following properties of polynomially com- 
plete algebras can be found in H. Lausch-W. Nobauer ([4], ch. 1, sect. 11): 
Polynomially complete algebras are necessarily simple and if the family of 
operations on Yl is at most countable then A is finite. There are three cases 
possible for the k-polynomial completeness of an arbitrary algebra 91: 
(i) \!I is polynomially complete, 
(ii) YL is I-polynomially complete, but not k-polynomially complete for 
any k > 1, 
(iii) 81 is k-polynomially complete for no h. 
Since algebras consisting of one element are always polynomially complete 
we will only consider algebras with at least 2 elements. 
Let 91 = {A, sZ\ be a universal algebra and N be a finite nonvoid set. On the 
set F of all functions from N to A4 we define the operations of 91 pointwise and 
obtain the algebra 3 = (F, Q:.. 
LEMMA 1. Let p E P@l) and let 911 be a subalgebra of 5 which contains all 
constantfunctionst?,: N+ A(~E A).If& ,..., $,EM, thenthefunctionp:N+A, 
defined by p(x) = P(#~(x),..., &(x)) is an element of M too. 
Proof. We define a function 9: N-t Ak by v(x) = (&(x),..., #k(x)). Then 
p(x) = (p a y)(x). Since p is a polynomial function and ‘93 is a subalgebra of 3, 
p is an element of ‘351. 
3. CHARACTERIZATION OF POLYNOMIALLY COMPLETE ALGEBRAS 
THEOREM 1. Let ‘JI = (=1, s2j be a finite simple algebra having the following 
properties: There are 0 E A, p, s E P,(BC) and q E PJJI), n > 2, such that: 
(1) (~)p(x,x) =OforallxE-4. 
(8) for every a E d the function pJx) : = p(x, a) is bijective. 
(2) ~(0, x) = s(x, 0) = x for all x E -4. 
(3) (a) q is not constant. 
(p) q(xl )..., x,) == 0 if x1 = ... = xi--l = xi+L = “. = x, = 0 
(i = I,..., n). 
Let N be a jinite nonvoid set and s = (F, Q> the algebra of all functions from 
N to A (the operations of 41 are de$ned pointwise). Let 9JI be a subalgebra of 8 such 
that: 
(a) all constant functions belong to 9.X, 
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(b) for every pair n, , n, , n, # n2 of elements of N there is an f E !N such 
that fh) f fW 
Then ‘94 = 3. 
The proof of Theorem 1 will be given in three steps which will be proved in 
Lemma 2-Lemma 4. 
Let j > 0 be a positive integer such that j < / N I. A j-tuple (a, ,..., aj) of 
elements of A is called accessible, if, for every j-tuple (n, ,..., ni) of pair-wise 
distinct elements of N, there is a function 4 EM such that $(a,) = ai for 
i = l,..., j. 
By induction onj we will show that everyj-tuple is accessible. Because of (a) 
every I-tuple is accessible. Let us assume that our assertion is true for k-tuples, 
k <j. 
LEMMA 2. If every j-tuple of the form (a, O,..., 0) (a E A) is accessible, then 
every j-tuple is accessible. 
Proof. Let vi E !DI, i = I,..., j such that &nJ = ai , pi(n,) = 0 for h f i, 
1 ,< h < j. Then the function 
v = s(... s(s(vr , ~a), ~a),...), q+) is an element of 91 (Lemma 1) 
such that v(nJ = ai , i = I ,..., j. 
Let t == (n, ,..., nj) be a j-tuple of pairwise distinct elements of N. It denotes the 
set of all s E !X such that there is a function p E ‘9X with p(nr) = s, p(q) = 0, 
i=2 ,..., j. It is nonvoid since 0 ~1~ .
LEMMA 3. The relation 8, , dejined by a&b i# p,(a) G It , is a congruence 
relation on 91. 
Proof. a8,a holds for all a E (21 because pa(a) = p(a, a) = 0 ~1~ for all 
a E 91. 
Let a8,b, hence there is a function ,u E 9.X such that p(nr) = pb(a) and p(nJ = 0, 
i = 2,..., j. Sincep,(x) is bijective and A a finite set, there is a positive integer n 
such thatp,” = idA . Because of Lemma 1 the function p : = p(Ko , pFpl(p)) is an 
element of ‘91 such that 
~44 = p(b, &-‘(&4>) = N, 4 
Ani) = p(b, P?(O)) = p(b, KYpd4)) 
= p(b, b) = 0, i = 2,..., j. 
Hence p,(b) E It , in other words b0,a. 
Let a&b and b8,c. Then cB,b, because of the symmetry of the relation Bt , 
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hence there are p., v E !lX such that ~(1zr) = p,(a), v(nl) = pb(c), I = v(nJ = 0, 
i = 2,..., j. Then the function CJ := p&~,“-‘(p), p:-‘(v)) is an element of ‘9X 
(Lemma 1) and 
“(4 = p(Pr’(Pb(4), PF(P&)N = PC6 4 = P&4 
4%) = P(PF(PbW)> PaPm) = P(b, 4 = 0, i = 2,..., j. 
Hence pC(~) E I, , in other words a8,c. Thus tit is an equivalence relation on Cu. 
Let w E Q be m-ary and a,etbi , i = l,..., m. There are pi E ‘93, i = l,..., m, 
such that pi(n,) = ~,~(a,) and &n,) = 0, k = 2,..., j. We set 
x is an element of %I1 (Lemma I) such that: 
xh) = P(wP~~-:,-‘(P&)) ‘.. P;~:,-‘(Pb,hn))> 4 ... hn) 
zzz P wbl...h,(w~l “’ %z) 
X(4 = P(wPF[“;‘( PbJbl)) ... PLy(PtJbndh h .‘. bwt) 
= p(wb, ... b, , wb, ... b,) = 0, k = 2,..., j. 
Hence WU, ... u,&wb, ... b,, , which proves our lemma. 
To complete the proof of our theorem, it remains to show that It f (0). 
LEMMA 4. It # (0). 
Pyoof. Let j = 2. Then because of property (b) of M there is a 9 E %I such 
that y(%) f= d%). We set ~1 = P(% K~(~,)). a: is an element of ‘9X (Lemma 1) and 
4%) = P(&,>, d%>) f 0 
d%) = P(d%), d4> = 0, hence It # (0). 
Now let j > 2. 4 E P,(cU), n > 2, is not constant. Therefore there is an n-tuple 
(a, ,..‘, a,) of elements of 21 such that q(a, ,..., a,) # 0. By induction, every 
(j - I)-tuple is accessible, hence there are & ,..., $J, E YJI such that: 
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Then q(A ,-., A> is an element of ‘93 such that 
Hence 1, f {0}, which proves Lemma 4. 
THEOREM 2. A finite universal algebra 21 is polynomially complete 12 Cu has the 
following properties: 
(1) 2l is simple. 
(2) There are 0 E A, p, s E P.&X) and q E P#I), n 3 2, such that: 
(a) p(x, x) = Ofor allx E A. 
(p) for every a E A the function p,(x) : = p(x, a) is bijective. 
(y) s(x, 0) = s(0, x) = x for all x E A. 
(i) q is not constant, 
(c) for all i = I,..., n: 
4(x1 ,.**j %I) = 0, zy X1=‘..=Xi~l=Xi+l=...=X,=O. 
Proof. If % is polynomially complete conditions (1) and (2) hold. Now let (21 
have properties (1) and (2). It suffices to prove that ‘$I is 2-polynomially complete 
(see H. Lausch-W. Niibauer [4], ch. 1, th. 11.2). We apply Theorem 1 to the 
case N = A x A. Then 5 = F,(%). For YJI we can take Pa(2I) since all the 
constant functions belong to P$ZI) and let x, y E A2, x + y, then f (x) #f(y) is 
satisfied either by the first or the second projection. Hence F,(PI) = P2(%), 
which proves our theorem. 
4. APPLICATIONS 
THEOREM 3. Let V be the variety of groups. 6 E V” is polynomially complete 
iff Q is a jnite simple nonabelian group. 
Proof. If 0 = (G, +, -, 0) is finite simple and nonabelian then it follows 
from Theorem 2 that 6 is polynomially complete if we set: 
p(x,y) =x-Y,S(%Y) =x+y, 
q(x, y) = x + y - x - y. 
Since polynomially complete groups are necessarily simple and finite, our 
theorem is proved if we can show that there are no polynomially complete 
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abelian groups. But in the case of abelian groups there is no n-place polynomial 
function f (n > 2) such that f is not constant and f(xr ,..., x,) = 0 if n - 1 
arguments are zero. 
DEFINITION. An algebra ‘8 = (11, or, 1, 0, with two binary operations --- 
and / and a nullary operation 0 is called L-algebra if the following laws hold: 
(1) (b/a) + a = b 
(2) (b + ~)/a = b 
(3) (44 = 0 
(4) u+0=0+u=u 
An L-algebra is called associative (commutative), if + is associative (com- 
mutative). 
THEOREM 4. Let 9’ be the variety of L-algebras. ‘8 E V is polynomiully 
complete ifJ 91 is a jinite simple noncommutative L-algebra OY a finite simple non- 
associative L-algebra. 
Proof. Let +U be a finite nonassociative (noncommutative) L-algebra. Then 
by Theorem 2 % is polynomially complete if we set p(x, y) = x/y, s(x, y) = 
x + y, a@, y) = (x + YMY f 4 or dx, 35 4 = (x + (y + 4)/((x + Y> + x) 
respectively. Again it remains to show that there are no polynomially complete 
L-algebras which are commutative as well as associative. But such algebras are 
easily seen to be abelian groups. Hence by using Theorem 3 our proof is 
completed. 
COROLLARY. Let V be the variety of loops. 9l E Y is polynomially complete 
;fs 91 is a jkite simple nonubeliun loop or a finite simple nonussociutive loop. 
Proof. Loops can be considered as L-algebras with one additional binary 
operation. 
THEOREM 5. Let V be the variety of rings. $2 E -/r is polynomiully complete iff 
% is a jinite simple ring with nonxero multiplication. 
Proof. Finite simple nonzerorings are polynomially complete according to 
Theorem 2, if we set p(x, y) = x - y, s(x, y) = x + y, q(x, y) = x y. 
Because of the fact that in the case of a zeroring % the multiplication does not 
enlarge the number of polynomial functions on (R, -I-) the proof of our theorem 
is completed. 
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THEOREM 6. Let Y be the variety of Boolean algebras. B E P- is polynomially 
complete r;sf 23 is of order 2. 
PYOO~. Since the Boolean algebra of order 2 is the only finite simple Boolean 
algebra, Theorem 6 follows from Theorem 2 if we set p(x, y) = (x n y’) U 
(x’ l-l y), s(x, y) = x u y, q(x, y) = f n y. 
5. POLYNOMIAL COMPLETENESS OF NEARRINGS 
DEFINITION. An algebra 5 = (F, +, .j with two binary operations (addition 
+ and multiplication .) is called a nearring if the following laws hold: 
(1) (F, ‘) is a (not necessarily abelian) group. 
(2) (F, .) is a semigroup. 
(3) x * (y + z) = x *y 1. x * x (x,y, z EF) 
THEOREM 7. Let v be the variety of nearrings. 5 E v is poLvnomially complete 
iff&is 
(1) jinite simple with nonabelian addition or 
(2) Jinite simple with abelian addition and a multiplication which depends on 
both arguments. 
Proof. In case (1) 5 is polynomially complete, since Theorem 2 is valid, if we 
set:p(x,y) = x-y, s(x,y) = x+y and q(x,y) = xfy--x--y and in 
case(2)ifwesetp(x,y) =x-y,s(x,y) =x+y,q(x,y) =x’y-0.y. 
Now let 5 be a finite simple nearring with commutative addition and a multi- 
plication which depends on only one variable. If the multiplication does not 
depend on the second variable then x y = x .O = 0 (for all x, y E F), hence 5 
is a zeroring and therefore not polynomially complete. If the multiplication 
does not depend on the first variable then V(X) := 0 . x is an endomorphism 
of the additive group which is the identity or the constant map with value 0. 
In both cases the multiplication does not enlarge the number of polynomial 
functions on /F, $-). Therefore in these cases 3 cannot be polynomially complete. 
Remark. According to the theorem of H. Lausch-W. Nobauer, stated in 
section 1, there remains the problem of finding all algebras in a given variety 
which are only I-polynomially complete. By using a theorem of J. Slupecki [7] 
we know that in the variety of nearrings (and in all varieties discussed in section 4) 
algebras which are only I-polynomially complete must necessarily be of order 2. 
Since the abelian group of order 2 is only I-polynomially complete, a short 
calculation shows: In the variety of nearrings the zeroring of order 2 (considered 
110 ISTINGER AND KAISER 
as a nearring) and the nearring of order 2 with multiplication defined by x . y = 
y(x, y E F) are the only examples of nearrings which are only 1-polynomially 
complete. 
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